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Abstract 

In this article we prove that the full automorphism group of the baby-monster 
vertex operator superalgebra constructed by Hohn is isomorphic to 2 x B, where B is 
the baby-monster sporadic finite simple group, and determine irreducible modules 
for the baby-monster vertex operator algebra. Our result has many corollaries. In 
particular, we can prove that the Z2-orbifold construction with respect to a 2A- 
involution of the Monster applied to the moonshine vertex operator algebra F'' 
yields V''^ itself again. 

1 Introduction 

The famous moonshine vertex operator algebra V'^ constructed by Frenkel-Lepowsky- 
Muerman [FLM] is the first example of the Z2-orbifold construction of a holomorphic 
vertex operator algebra (VOA). Let us explain a Z2-orbifold construction briefly. Let V 
be a holomorphic vertex operator algebra and a an involutive automorphism on V. Then 
the fixed point subalgebra V^'^'^ is a simple vertex operator algebra. It is shown in [DLMl] 
that there is a unique irreducible cx-twisted l^-module M and we have a decomposition 
M = M° ©M^ into a direct sum of irreducible l^^*^^ -modules such that has an integral 
top weight. Then a Z2-orbifold construction with respect to cr G Aut(\^) is to construct a 
Z2-graded extension W = V^"''^ © M*^ of the fixed point subalgebra V^"'^ which is expected 
to be a holomorphic vertex operator algebra. 

In FLM's construction, we take V to be the lattice vertex operator algebra Va asso- 
ciated to the Leech lattice A and the involution a is a natural lifting 6 G Aut(VA) of the 
(— l)-isometry on A. Denote by Va. = © Vj^ the eigenspace decomposition such that 9 
acts on V^ as ±1. Let be the unique irreducible ^-twisted V^-module. Then there is a 
decomposition = (V^)^ © such that the top weight of (V^)'*' is integral. Then 
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the moonshine vertex operator algebra is defined by := © {^a)~^ is proved in 

[FLM] that forms a Z2-graded extension of V^. It is also proved in [FLM] that the full 
automorphism group of the moonshine vertex operator algebra is the Monster sporadic 
finite simple group M by using Griess' result [G] . 

In the Monster, there are two conjugacy classes of involutions, the 2A-conjugacy class 
and the 2B-conjugacy class (cf. [ATLAS]). One can explicitly see the action of a 2B- 
involution on y'' by FLM's construction. But it is not clear to see the action of a 2A- 
involution on y'' before Miyamoto. In [Ml] , Miyamoto opened a way to study the action of 
2A-involutions of the Monster on the moonshine VOA by using a sub VOA isomorphic to 
the unitary Virasoro VOA L{l/2, 0). Let us recall the definition of Miyamoto involutions. 
Let y be a simple VOA and e e V2 be a vector such that e generates a sub VOA isomorphic 
to L(l/2, 0). Such a vector e is called conformal vector with central charge 1/2. Since V 
as a Vir(e) ~ L{l/2, 0)-module is completely reducible, we have a decomposition 

V = Ve{0)®Ve{l/2)®Ve{l/16), 

where V(,{h) denotes a sum of all irreducible Vir(e)-submodules isomorphic to L(l/2,/i), 
/i = 0, 1/2, 1/16. Then one can define a linear isomorphism Tg on V by 

Te:= 1 on V;(0) © V;(l/2), -1 on V;(l/16). 

Then it is proved in [Ml] that Te defines an involution of a VOA V if ^(1/16) 7^ 0. This 
involution is often called the (first) Miyamoto involution. If 14(1/16) = 0, then one can 
define another automorphism on V by 

ae:= 1 on V,{0), -1 on V;(l/2). 

This involution is also called the (second) Miyamoto involution. It is shown in [C] and 
[Ml] that in the moonshine VOA every Miyamoto involution Tg defines a 2A-involution of 

the Monster and the correspondence between conformal vectors and 2A-involutions is one- 
to-one. Therefore, in the study of 2A-involutions, it is very important to study conformal 
vectors with central charge 1/2. Along this idea, C.H. Lam, H. Yamada and the author 
obtained an interesting achievement on 2A-involutions of the Monster in [LYY]. 

The main purpose of this paper is to study the Z2-orbifold construction of with re- 
spect to the Miyamoto involution and to prove that the 2A-orbifold construction applied 
to yields itself again. Since a 2A-involution of the Monster is uniquely determined 
by a conformal vector e of with central charge 1/2, we first study the commutant 
subalgebra of Vir(e). For a simple VOA V and a conformal vector e of V with cen- 
tral charge 1/2, set the space of highest weight vectors by Tf.{h) := {v e V \ e(i)v} 
for h — 0,1/2,1/16. Then we have decompositions Ve{h) = L(l/2,/i) ®Tf,[h) and the 
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commutant subalgebra Te(0) acts on Te{h) for h = 0, 1/2, 1/16. Since L(l/2, 0) has a Z2- 
graded extension L(l/2, 0) ©L(l/2, 1/2), we can introduce a vertex operator superalgebra 
(SVOA) structure on Te(0) ©Te(l/2) (Theorem 3.6) and its Z2-twisted module structure 
on Te(l/16) (Theorem 3.8). It is easy to see that the one point stabihzer CAut(v)(e) of 
a conformal vector e naturally acts on the space of highest weight vectors Te{h). If we 
take V — V\ then Cjs^^i(yti){e) is isomorphic to the 2- fold central extension (re) • B of 
the baby-monster sporadic finite simple group B. Therefore, the SVOA T^{0) ® Tg^(l/2), 
where we have set V^{h) = -L(l/2, h)^T^{h) for /i = 0, 1/2, 1/16, affords a natural action 
of B. Motivated by this fact, Hohn first studied this SVOA in [Hoi] and he called it 
the baby-monster SVOA. Following him, we write := r^^(O), VB^ := and 
VB := T^{0) © T^{l/2). It is proved in [Ho2] that the full automorphism group of the 
even part VB'^ of VB is exactly isomorphic to the baby-monster B. In this paper, we give 
a quite different proof of A\it{VB^) ~ B based on a theory of simple current extensions. 

In my recent work [Yl] [Y2], a theory of simple current extensions of vertex operator 
algebras was developed and many useful results were obtained. Using this theory, we 
determine the automorphism group of the commutant subalgebra Te{0) as follows: 

Theorem 1. Let V be a holomorphic VOA and e & V a conformal vector with central 
charge 1/2. Suppose the following: 

(a) Ve{h) ^ /or /i = 0, 1/2, 1/16, 

(b) Ve{0) andTe{0) are rational C 2- co finite VOAs of CFT-type, 

(c) T4(l/16) is a simple current V^'^''^ -module, 

(d) Tg{l/2) is a simple current Tg{0) -module, 

(e) CAut(y) (e)/ (Tg) is a simple group or an odd group. 

Then 

(z) AntimO)) = CAnt(v)ie)/{T,). 

(a) The irreducible Te{(}) -modules are given byTe{0), Te(l/2) and Te{l/16). 
(Hi) The Tg-orbifold construction applied to V yields V itself again. 

The assumptions (c) and (d) in the theorem above seem to be rather restrictive. 
However, we prove that all the assumptions above hold if V is the moonshine VOA. We 
also present a refinement of Miyamoto's reconstruction of the moonshine VOA [M5] . Our 
refinement enable us to prove not only that the baby-monster SVOA \^ satisfies all the 
assumptions above but also that we can construct the baby-monster SVOA VB without 
reference to V^. The main theorem of this paper is 

Theorem 2. Let VB ^VB'^ ®VB^ the simple SVOA obtained from VK 

(1) Aut(l©°) = B and kvX{VB) = 2 x B. 

(2) There are exactly three irreducible VB"^ -modules, VB^ , VB"" and VBt := T^{l/l&). 
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(3) The fusion rules for VB^ -modules are as follows: 



+ VB\ 



This theorem has many corollaries: 



Corollary 1. The irreducible 2A-twisted V^-module has a shape 



L(l/2,l/2) ® 



e L(l/2, 0) (8) VB^ e L(l/2, 1/16) (g) VBt- 



Corollary 2. For any conformal vector e E V'^ with central charge 1/2, there is no 
p e Aut(y^) such that p{V}{h)) = V}{h) for h = 0, 1/2, 1/16 and p|(y^)<.e> = (t^- 

Corollary 3. The 2A-orhifold construction applied to the moonshine VOA yields 
itself again. 

At the end of this paper, we give characters of l©°-modules and their modular trans- 
formation laws. Surprisingly, we find that the fusion algebra and the modular transfor- 
mation laws for the baby-monster VOA is canonically isomorphic to those of the Ising 
model L(l/2,0). 

2 Simple current extension 

Let y be a simple vertex operator algebra (VOA). We recall a definition of a fusion 
product of y-modules. 

Definition 2.1. Let M^, be K-modules. A fusion product for the ordered pair 
(M^M^) is a pair (M^ M^F(-,^)) consisting of a l^-module Kly and a 
F-intertwining operator -F(-,-2) of type x — > Kly satisfying the following 
universal property: For any F-module W and any ^-intertwining operator /(■, -z) of type 
X — > 1^, there exists a unique y-homomorphism from Kly to W such that 
/(•, 2;) = z). We usually denote the pair (M^ Kly M^, F(-, z)) simply by Kly M^. 

A theory of fusion products has been greatly developed by Huang- Lepowsky [HLl]- 
[HL4] and Huang [H1]-[H4] (see also [DLM2] [Li3]), and it is proved that if V is rational 
then a fusion product of any two V-modules always exists (cf. [HL3] [HL4] [Li3]) and if V 
is also C2-cofinite and of CFT-type then the fusion product satisfies the associativity (cf. 
[HI] [H4] [DLM2]). Therefore, the theory of fusion products is a powerful tool to study 
a rational C2-cofinite vertex operator algebra of CFT-type. Among modules for such a 
vertex operator algebra, simple current modules have a special importance. 
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Definition 2.2. An irreducible V-module U is called a simple current if it satisfies: For 
any irreducible V-module W, the fusion product U Kly W is also irreducible. 

In this paper we mainly consider the following extensions of vertex operator algebras. 

Definition 2.3. Let be a simple rational VOA and D a finite abclian group. Let 
{V" I a G D} be a set of inequivalent irreducible V"°-modules. A D-graded extension 
Vd of V° is a simple VOA Vd = ©ogd^" which extends the VOA structure of V° with 
the grading structure Yvjy{x", z)x'^ e V°''^^{{z)) for any x°' e V^, e V^. A D-graded 
extension Vd is called a D-graded simple current extension of y° if all V"', a E D, are 
simple current modules. In the case oi D — Z2 — {0,1} and Vd — V^ ® V^ is a simple 
vertex operator superalgebra with even part V^ and odd part V^, we call Vd a simple 
current super- extension of y° if V^ is a simple current F'^-module. 

Remark 2.4. Let D* be the dual group of D. By definition, there is a natural action of 
D* on Vd defined as x|ya = x(q;) • idyc« for « G -D and x ^ D*. 

We have the following uniqueness property of a simple current extension. 

Lemma 2.5. ([DM2]) (i) Let Vd — ©aeD^^" &e a D-graded extension ofV°. If the space 
of V^ -intertwining operators of type V°' x V^^ — > is one- dimensional for all a, (3 & D, 

then the VOA structure on Vd is unique over C. In particular, ifVD is a D-graded simple 
current extension ofV'^, then its VOA structure is unique over C 
(a) The SVOA structure on a simple current super- extension is unique over C. 

In general, it is a difficult problem to determine whether a given module is a simple 
current or not. However, the following lemma provides us a simple criterion. 

Lemma 2.6. ([Y2]) Let V he a simple rational C2-cofinite VOA of CFT-type and U a 
V -module. If there is a V -module W such that the fusion rule U Kly W — V holds in the 
fusion algebra for V , then U ( and also W) is a simple current V -module. 

Proof: By the assumption, we can use the results in [H4] so that the fusion algebra 
for F is a commutative associative algebra over N with the unit element V. Let X be an 
irreducible ^-module. Then U Kly X is also a module and is a direct sum of irreducible 
y-modules. Let U Kly X — ®i^iT'^ be a decomposition into a direct sum of irreducible 
y-modules. First, we show that W Kly T'^ ^ for all i E I. Assume that there is 
an io G / such that W Kly = 0. Then by multiplying U in the fusion algebra we 
obtain = C/ Ky (W^ Ky T'°) = {U My W) Ky T'° ^ V T'° ^T'°, a contradiction. 
Therefore, W My T' for all i G /. Then by multiplying W to U X we get 
X ^VMv X ^ {WMvU)Mv X ^WMv (U^v X) ^WMv ®ieiT' = ®iaW My T\ 
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Therefore, the cardinahty of the index set / is 1 and hence U Klv X is an irreducible 
V^-module. Thus ?7 is a simple current V-module. I 

The representation theory of simple current extensions is studied in many papers (cf. 
[DLM3] [LI] [SY] [Yl] [Y2]) and it is shown in [LI] [Yl] [Y2] that every simple current 
extension of a simple rational C2-cofinite VOA of CFT-type is also rational and C2-cofinite. 
We review some results from [Yl] and [Y2] which we will need later. 

Let Vd — ®aeD^" be a D-graded simple current extension of a simple rational C2- 
cofinite CFT-type VOA V^. Since the fusion algebra for is associative, we can adopt 
the following definition. 

Definition 2.7. Let W be an irreducible \^°-module W . A subset Dw := {a & D \ 
My W ~ W} forms a subgroup of D. We call Dw the stabilizer of W. 

Lemma 2.8. ([SY]) Let M be a Vo-module and W an irreducible -submodule of M. 
Then V°' ■ W is also a non-trivial irreducible -submodule of M, where V°' ■ W denotes 
a linear space spanned by elements a(n)W — Res^2;"lM(a, z)w with a € V°', w W and 
n G Z. The stabilizer D\v is determined independently of a choice of an irreducible 
submodule W if M is an irreducible Vo-module. 

By the lemma above, we introduce the following notion. 

Definition 2.9. An irreducible Vo-module M is called D- stable if Dy^ — for some 
irreducible V°-submodule W of M. 

Among Vci-niodules, D-stable modules enjoy nice properties. 

Proposition 2.10. ([SY] [Yl]) Let M be an irreducible D-stable Vo-module. Then the 
Vo-module structure on a V^-module M is unique over C. 

Theorem 2.11. ([Yl], Induced modules) Let W he an irreducible V^ -module. Then there 
exists a unique x e D* such that W is contained in an irreducible x-twisted Vo-module. 
If Dw — 0; then it is given by the induced module 

Indy^oW := V" Kyo W. 

Moreover, any irreducible x-twisted Vo-module containing W as a V^ -submodule is iso- 
morphic to Indj^oM^ above. 

For a later purpose, we give a detailed description of the theorem above in the case of 
simple current super-extensions. 
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Theorem 2.12. ([Y2]) Let V = he a simple current super- extension of a simple 

rational C2-cofinite VOA of CFT-type. For an irreducible -module W , 
(i) IfV'^^v'^W ihen W is uniquely lifted to he an irreducible untwisted or Z2-twisted 

V -module W ®{y^ Kyo W). 

(a) If Klyo W ~ W , then there exist exactly two inequivalent irreducible "L^-twisted 
V -module structure on W . If we write one of them by W'^ , then the other one is given 
as the 'L2-conjugate V -module ofW'^. 

Theorem 2.13. ([SY] [YlJ, Lifting property of intertwining operators) Let M\ i = 1,2, 3, 
be irreducible D-stable Vo-modules and let be irreducible -submodules of M* for 
i — 1,2, 3. Then for a V'^ -intertwining operator /(■, z) of type x there is a 

Vo-intertwining operator /(■, z) of type x — > such that /(■, z)|i4/i0VK2 = I{-, z). 
Therefore, there is a natural linear isomorphism 

where {Mi^M^)vD ^^''^^^^^ space of Vd -intertwining operators of type x M^. 
Corollary 2.14. Let E be a subgroup of D and fix a coset decomposition D — Lll^i{ai-\-E) 
of D. Then Ve '■— ©aee^" E-graded simple current extension ofV'^ and Vs+ai '■— 

®i3<=eV°''~^^ are simple current VE-modules. Therefore, we can view Vd — ®i=iVE+ai a 
D / E-graded simple current extension ofVE- 

Let us consider automorphisms on Vd- Let a e Aut(y°) and {X,Yx{-,z)) a V^- 
module. We can define the a-conjugate module X"' as follows. As a vector space, we set 
X"' — X and the vertex operator map on X"' is defined by Yx'^{a,z) :— Yx{cra,z) for 
a & V*^. It is clear that X'^ is irreducible if and only if X is an irreducible y°-module. An 
irreducible l^°-module X is called a-stable if its cr-conjugate X"' is isomorphic to X as a 
y°-module. 

Remark 2.15. The definition of D-stable Vo-niodules comes from the fact that if M is an 
irreducible D-stable Vo-niodule then its conjugate is isomorphic to M as a Vo-module 
for any x e D*. 

We can construct the a-conjugate {VdY of Vd as follows. Let Yv^^{-,z) be the vertex 
operator map on Vd- By definition, there are canonical linear isomorphisms ipa '- V" 
{Vy, ae D, such that 

for all G Then we define the vertex operator map Yy (•, z) on {Vd)" = ®aeDiy°'Y 

by 

F;^(^„a;",z)^«a;^ := ilj^+pYy^{x'' , z)x^ 
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for e 1/°, G Then one can easily verify that {{VdY,Yy {■,z)) also forms a 
D-graded simple current extension of V^. The following lifting property is established in 
[Sh] by using the uniqueness of VOA structure on Vd- 

Theorem 2.16. ([Sh], Lifting property of automorphisms) Let a e Aut(y°) such that 

{VdY ^ Vd as a -module. Then there is a lifting a G Aut(VD) such that aV^ = 
and a\v» = cr. The lifting a is unique up to multiples of elements in D* C Aut(VD)- This 
assertion still holds if D — Z2 and Vd — (B is a simple current super- extension of 
V^. 

As we have seen above, simple current extensions have many good properties. At last 
of this section, we present the following extension property of simple current extensions. 

Theorem 2.17. ([Y2], Extension property of simple current extensions) Let V^^'^^ he a 
simple rational C2-cofinite VOA of CFT-type, and let Di, D2 be finite abelian groups. As- 
sume that we have a set of inequivalent irreducible simple current V^^'^^ -modules | 
{a,P) G Di®D2} with Di®D2- graded fusion rules l^^^i '^1)^^(0,0) V("2,/32) = •j/(ai+a2,/3i+/32) 
for any (a2,/52) G 

(i) Further assume that all V^'^'^\ (a, (3) G Di®D2, have integral top weights and we have 
Di- and D2-graded simple current extensions Vdi = ©aeDi cin'd Vd2 = ®i3&D2^^^'^^ ■ 
Then Vd^®D2 ■= ©(a,/3)eDie-D2^*^""'^^ possesses a unique structure of a simple vertex oper- 
ator algebra as a Di © D2-graded simple current extension ofV^^''^^ 
(a) In the case of D2 — 7^2 — {0, 1}, further assume that all V^'^'^^ a G Di, have inte- 
gral top weight, all V^°''^\ a E Di, have half-integral top weight, Vd^ — ®aeDiV^°'''^^ is a 
Di-graded simple current extension ofV^^''^\ and = y(o.o) 0y(o>i) jg ^ simple current 
super- extension o/y*^°'°^ Then Vdi®d2 — ®(a,/3)6Diei32^'"'^'' ^^■^ ^ unique structure of a 
simple vertex operator superalgebra with even part ®aeDiV^^"'°^ and odd part ^peOiV^^'^^ 
as a simple current super- extension ofVD^- 

3 Miyamoto involution and its centralizer 

Let us denote by L(c, h) the irreducible highest weight module for the Virasoro algebra 
with central charge c and highest weight h. It is shown in [FZ] that L(c, 0) has a structure 
of a simple VOA. Here we consider the first unitary Virasoro VOA L(l/2, 0). It is proved 
in [DMZ] [W] that L(l/2,0) is a rational C2-cofinite VOA of CFT-type and has exactly 
three irreducible modules, L(l/2,0), L(l/2, 1/2) and L(l/2, 1/16). Their fusion rules 
have also been computed and are as follows: 
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L(l/2,l/2)xL(l/2,l/2) = L(l/2,0), 

L(l/2, 1/2) X L(l/2, 1/16) = L(l/2, 1/16), (3.1) 
L(l/2, 1/16) X L(l/2, 1/16) = L(l/2, 0) + L(l/2, 1/2). 
First, we present an explicit realization of L{l/2, 0) and its modules. 

3.1 Ising model 

In this section wc give an explicit construction of the Ising model SVOA L(l/2,0) © 
L(l/2, 1/2) and its Z2-twisted modules L(l/2, 1/16)"^^. This construction is well-known 
and the most of contents in this section can be found in [FFR], [FRW] and [KR]. 

Let be the algebra generated by {ipk | A; e Z + |} subject to the defining relation 

and denote a subalgebra of generated by {ipk \ k & Z + ^, k > 0} hy A'^. Let CI be a 
trivial ^^-module. Define a canonical induced ^^-module M by 

M := Ind^tCl = A^ ® CI. 

Consider the generating series 

Since [il^{z), ip{w)]^ — z~^5{j), ip{z) is local with itself. So we can consider a subalgebra 
of a local system on M generated by ip{z) and I{z) — id^. By a direct calculation, one 
sees that the component operators of the generating series 

^ip{z) o_2 ip{z) := ^Res^oiizo - z)~'^ip{zo)ip{z) + {-z + zo)~'^ip{zo)ip{z)} 

defines a representation of the Virasoro algebra on M with central charge 1/2, where o„ 
denotes the n-th normal ordered product defined in [Lil]. It follows from [KR] that M as 
a Vir-module is isomorphic to L{l/2, 0) ® L(l/2, 1/2). Therefore, there is a unique simple 
vertex operator superalgebra structure on M such that Ym (V'-il; z) — il){z). 

Theorem 3.1. On M, there is a unique simple vertex operator superalgebra structure 
(M, Ym(-, z), 1, 1) such that Ym(^_i 1, z) = ^(z). 

Another unitary Vir-module i^(l/2, 1/16) is realized as follows. Let A^ be the algebra 
generated by {0„ | n e Z} with defining relation 

[(pm, 4>n]+ = ^m+nfl, m,ne'Z. 
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Let be a subalgebra of generated by {0„|n > 0} and let Cvq be a trivial one- 
dimensional ^t-module. Then set N = Ind'^+Cfo as we did previously. We can find an 
action of the Virasoro algebra on N. Consider the generating series 

neZ 

By direct calculations one can show that ^(z) is local with itself. Consider a local system 
on N containing (f){z). Since the powers of z in (f){z) lie in Z + |, we have to use the 
Z2-twisted normal ordered product in [Li2]. Define a generating series L{z) of operators 
on N by 

L{z) := 0(2;) o_2 (j){z) 

where o„ above denotes the n-th normal ordered product in a Z2-twisted local system 
on (cf. [Li2]). Then by a direct computation we find that the component operators of 
L{z) defines a representation of the Virasoro algebra on N with central charge 1/2. Set 
Vy^Q := (pol ± (l/\/2)l. Then Vy-^^^ are highest weight vectors for the Virasoro algebra 
and the following decomposition is shown in [KR]: 

N = L(l/2, 1/16)+ e L(l/2, 1/16)-, 

where L{l/2, 1/16)+ are highest weight Vir-module generated by v^-^^q, respectively. 

Theorem 3.2. The following 'Z2-twisted Jacobi identity holds on N: 

Zo'S YM{a,z,)YN{b,Z2) - {-l)<'^^'h^' {~^^^) ^^(^' ^2)lV(a, ^1) 

/ Z2 + Zo\ f Z2 + Zo\ 

= ^r^f^^^ — ~)\^^ — ~) YN{YM{a,zo)b,Z2), 

where a,b & M — L{l/2, 0) ® L{l/2, 1/2) and e{-, •) denotes the standard parity function. 
Therefore, the vertex operator map Yr^{-,z) defines inequivalent irreducible 'L2-twisted 
L(l/2, 0) e -L(l/2, l/2)-module structures on L{l/2, 1/16)+. 

3.2 Miyamoto involution 

Let (V, Yv{-, z), 1, uj) be a VOA. A vector e e y is called a conformal vector if its compo- 
nent operators Yv{e,z) = '^nez^(n)Z~"'~^ = ^„gz -^'^(^)-^~"~^ generate a representation 
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of the Virasoro algebra on V: 

Q 

[L%m), L^n)] = (m - n)L''{m + n) + 6^+n,o — ^2 — "^^^ 

The scalar Ce is called central charge of a conformal vector e. We denote by Vir(e) the sub 
VOA generated by e. If Vir(e) is a rational VOA, then e is called a rational conformal 
vector. A decomposition a; = e + (a; — e) is called orthogonal if both e and cu — e are 
conformal vectors and their component operators are mutually commutative. 

Now assume that e E V is a rational conformal vector with central charge 1/2. Then 
Vir(e) is isomorphic to L(l/2,0). Since L(l/2,0) is rational, we can decompose V into a 
direct sum of irreducible Vir(e)-modules as follows: 

y = K(o)eK(i/2)©K(i/i6), 

where Ve{h), h G {0, 1/2, 1/16}, denotes the sum of all irreducible Vir(e)-submodules of V 
isomorphic to L{l/2, h). By the fusion rules (3.1), we have the following grading structure 
(cf. [Ml]): 

K(0) • V,{h) C KW, = 0, 1/2, 1/16, K(l/2) • K(l/2) C K(0), 
Veil/2) ■ Ve{l/IQ) C V;(l/16), K(l/16) ■ K(l/16) c v;(o) © K(l/2). 

Therefore, if 14(1/16) ^ 0, then the linear map 

Te:= 1 on V;(0)©K(l/2), -1 on V;(l/16) 

defines an involutive automorphism on V (cf. [Ml]). We call Tg the first Miyamoto invo- 
lution or simply Miyamoto involution associated to a conformal vector e. If 1^(1/16) = 0, 
then we can also define another involution as follows (cf. [Ml]): 

ae:= 1 on V;(0), -1 on V;(l/2). 

We call (7e the second Miyamoto involution associated to e. 

Remark 3.3. It is shown in [C] and [Ml] that the Miyamoto involution Te associated to 
a conformal vector e of the moonshine VOA [FLM] with central charge 1/2 defines a 
2A-involution of the Monster. 

3.3 Commutant superalgebra 

We keep the same notation as in the previous subsection. Let V be a simple VOA of CFT- 
type and e E V a rational conformal vector with central charge 1/2. Set Tg(h) :— {v e 
V I L^{0)v = h ■ v} ior h — 0, 1/2, 1/16. Then Te(/i) is a space of highest weight vectors 
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for Vir(e) and is canonically isomorphic to Homvir(e)(-^(l/2, /i), ^) for h = 0,1/2,1/16. 
Therefore, we have a decomposition as foUows: 

V = L(l/2, 0) re(0) e L(l/2, 1/2) ® re(l/2) e L(1/2, 1/16) mi/16). 

Lemma 3.4. A decomposition cu = e + {cu — e) is orthogonal. 

Proof: We compute e(i)a;(2)e. 

e(i)a;(2)e = u;(2)e(i)e + [e(i), u;(2)]e 
= 2a;(2)e - [u;(2), e(i)]e 

= 2a;(2)e - {(a;(o)e)(3) + 2(a;(i)e)(2) + (a;(2)e)(i)}e 
= 2u;(2)e - (a;(2)e)(i)e. 

By the skew-symmetry, we have (a;(2)e)(i)e = e(i)a;(2)e — a;(o)e(2)(^(2)e. Since e(2)a;(2)e e 
Vq — CI, 00(^0)6(2)00(2)6 — and so (a;(2)e)(i)e = e(i)a;(2)e. Substituting this into the 
equahty above, we get 6(^1)00(2)6 — 00(2)6. Namely, 00(2)6 is an eigenvector for e(i) with 
eigenvalue 1. Since F is a module for Vir(e), there is no eigenvector with e(i)-weight 1. 
Hence a; (2)6 = 0. Then the assertion follows from Theorem 5.1 of [FZ]. 1 

Recall the commutant subalgebra Comy(Vir(e)) := kerye(o) defined in [FZ]. By the 
lemma above, (Te(0),a; — e) forms a sub VOA of V whose action on V is commutative 
with that of Vir(e) on V. In particular, Tf.{h), h — 0, 1/2, 1/16, are T'e(0)-niodules. 

Proposition 3.5. (1) Te(0) = kery e(o) = Comv'(Vir(e)) is a simple sub VOA with the 
Virasoro vector 00 — 6. 

(2) Te(l/2) is an irreducible T^{0)-module. 

(3) Vir(e) = keivioo - e)(o) = Comy(Te(0)). 

Proof: (1): Let v E V. Since e(i)V = implies e(o)V = 0, Te(0) = kery e(i) = 
kcry 6(0). So we only need to show that Te(0) is simple. Since V is simple, the Tg-orbifold 
\/(^-) = v;(0) © 14(1/2) is simple. Then the cxe-orbifold (\/^-))('^=) = v;(0) is also simple. 
Since Vir(e) ® Te(0) 3 a ® 6 1— >• a(_i)6 e K(0) is an isomorphism of VOAs, Te(0) is also 
simple. 

(2) : Since both = 14(0) © 14(1/2) and 14(0) are simple VOAs, 14(1/2) is an irre- 
ducible 14(0)-module. So re(l/2) is also irreducible. 

(3) : As a; — e is a conformal vector, kery(a; — e)(o) is generally contained in kery(a; — e)(i). 
On the other hand, since V is of CFT-type, kery (a; — e)(i) = Vir(e). Then 

Vir(e) C Comy(Comy(Vir(e)) = kery(a; — e)(o) 

implies Vir(e) = kery (a; — e)(o). I 
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Theorem 3.6. Suppose that Te(l/2) 7^ 0. Then there exists a simple SVOA structure on 
Te(0) © Te(l/2) such that the even part of a tensor product of SVOAs 

{L(l/2, 0) © L(l/2, 1/2)} {n{0) © n{l/2)} 

is isomorphic to \4(0) © Ve(l/2) as a VOA. 

Proof: We shall define vertex operators on an abstract space Te(0) ©Te(l/2). Fhst, 
we show an existence of a Te(0)-intertwining operator of type Te(l/2) x Te(l/2) — > Te(0). 
Write Yv{uj,z) = Engz^W^"""' and Yv{e,z) = E„ez W^"""'- Since L(0) - L%0) 
semisimply acts on both Te(0) and Te(l/2), we can take bases {a^ | 7 G F} and {u^ \ 
A G A} of Te(0) and Te(l/2), respectively, consisting of eigenvectors for L{0) — L'^{0). Let 
TT^ : Ve(0) L(l/2,0) (X> a''', 7 G F, be a projection map. For 7 G F and A, G A, we 
define a linear operator /^^(■, z) of type L{l/2, 1/2) x L(l/2, 1/2) L{l/2, 0) ® by 

q^ix, z)y := ^-i{o)+i^{o)^^y(^L(o)-L'={o)3. ^ ^A^ ^)^l(o)-l^(o)^ ^ 

for x,y G -L(l/2, 1/2), where |A|, \n\ and I7I denote the (L(0) - L^(0))-weight of u^, u^" 
and a^, respectively. Then by [DL] [Ml] the operator z) is an L{l/2, 0)-intertwining 
operator of type L{l/2, 1/2) x L{l/2, 1/2) — > L(l/2,0). Since the space of intertwining 
operators of that type is one-dimensional, each Ilj^-,z) is proportional to the vertex 
operator map Ym{-, z) on the SVOA M = -L(l/2, 0) © L(l/2, 1/2) which we constructed 
explicitly in Section 3.1. Thus there exist scalars c^^ G C such that /^^(^ z) = cI^Ym{-, z). 
Then the vertex operator of x (g) ti'*' G L{l/2, 1/2)® Te{l/2) on 14(1/2) can be written as 
follows: 

Yv{x u^, z)y ®u^^ Ym{x, z)y ® ^ c^^a^zl^l-l^l-l'^L 
Thus, by setting J{u'^,z)u^ := c^^^o'^^-^'''^' '^' ''*', we obtain a decomposition 

Yv{x (8) u^, z)y ®u^^ Ym{x, z)y ® J{u^, z)u^ 

for X (g) w^, y (8) w'' G L(l/2, 1/2) (8) V;(l/2). We claim that J(-, z) is a re(0)-intertwining 
operator of type 76(1/2) x Te{l/2) T'e(O). It is obvious that J{u,z)v contains finitely 
many negative powers of z and the {uj — e)(o) -derivation property J{{oJ — e)QU,z)v — 
■j^J{u,z)v hold for all u,v e Tg{l/2). So we should show that J{-,z) satisfies both the 
commutativity and the associativity. Let a G ^£(0) and u,v E Te{l/2) be arbitrary 
elements. Then the commutativity of vertex operators on V gives 

{zi - Z2)^Yv{l (8) a, Zi)Yv{ip_il (8) u, Z2)ip_il<S) v 

= (-21 - Z2)^Yv{iJ_il®u,Z2)Yv{l(®a,zi)ij_il®v 
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for sufficiently large A^. Rewriting the equality above we get 

{Zi - 2;2)^1m(V'-i1, Z2)lp_il<^YT^^o){a,Zi)J{u, Z2)v 

= {Z\ - Z2)^YMilp_it,Z2)lp_il<^ J{u, Z2)YT^(^i/2){a,Zi)v, 

where lT^(o)(a,-2) and ^re(i/2)('i -2) denote the vertex operator of a G Te(0) on Te(0) and 
Te(l/2), respectively. By comparing the coefficients of (V'.i l)(o)V'_i 1 = 1, we get the 
commutativity: 

{Zi - Z2)^^Te(0)(a, Zi)J{u, Z2)V = {Zi - Z2)^J{U, ^2)>Te(l/2) («, Zi)v. 

Similarly, by considering coefficients of 1V(1V(1 (8) a, zq)iP_i1 (g) u, Z2)ip_^l <^ v in V, we 
obtain the associativity: 

(^0 + Z2)^YT^(o){a,Zo + Z2)J{U,Z2)V = {Z2 + Zo)^ J{YT^(^i/2){a, Zo)U, Z2)V. 

Hence, J(-, z) is a T'e(0)-intertwining operator of the desired type. 

Using Yv{-,z) and J{-,z), we introduce a vertex operator map Y{-,z) on Te{0) ® 
Te(l/2). Let a,be 7;(0) and u,v e 7;(l/2). We define 

l®Y{a,z)b := Yv{l (E) a, z)l (g) b, Y{a, z)u := Yv{l (g a, z)ip_il (g u, 

Y{u, z)a := e'^^^-^'^-^'^-^^Yv{l a, z)ij_il® u, Y{u, z)v := J{u, z)v. 

Then all y (•, z) are Te(0)-intertwining operators. We note that z) satisfies the vacuum 
condition: 

Y{x, z)lex + (Te(0) © Te(l/2)) [[z]]z 

for any x G Te(0) © Te(l/2). Hence, to prove that Te(0) © Te(l/2) is a simple SVGA, 
it is sufficient to show that the vertex operator map Y{-,z) defined above satisfies the 
commutativity. By our definition, the vertex operator map Yv{a <S) x, z) of a ^ x G 
L{l/2,h) ® Te{h) = Ve(/i), h = 0, 1/2, can be written as YM{a,z) Y{x,z). Because 
of our manifest construction of Ym{-,z) in Section 3.1, we can perform explicit compu- 
tations of the vertex operator Ym{-,z) on L(l/2,0) © L{l/2, 1/2). Therefore, by com- 
paring the coefficients of vertex operators on V, we can prove that Y{-,z) satisfies the 
(super-)commutativity. Thus, by our definition, {Te{0) © Te{l/2),Y{-, z), 1, a; — e) carries 
a structure of a simple SVGA. The rest of the assertion is now clear. I 

Remark 3.7. There is another proof of Theorem 3.6 in [Hoi]. In [Hoi], he assumed the 
existence of a positive definite invariant bilinear form on a real form of V. However, our 
argument does not need the assumption on the unitary form. 
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Since = 1 on V", the space Ve(l/16) is an irreducible K^^"^ -module. As a (\/<'^<=))^'^«) = 
Vir(e) (g)Te(0)-module, 14(1/16) can be written as L(l/2, 1/16) (g)Te(l/16). It is not clear 
that Te(l/16) is irreducible under Te(0). However, we can prove that it is irreducible 
under Te(0)©Te(l/2). 

Theorem 3.8. Suppose that 14(1/2) ^ and 1^,(1/16) ^ 0. Then re(l/16) carries 
a structure of an irreducible 7j2'twisted Te(0) © T^i^l/ 2) -module. Moreover, 14(1/16) is 
isomorphic to a tensor product of an irreducible 'E2-twisted L{1/2,0)(BL{1/2, l/2)-module 
L(l/2, 1/16)~^ and an irreducible Z2-twisted Tg{0) © Tg{l/ 2) -module re(l/16). 

Proof: The idea of the proof is the same as that of Theorem 3.6. Computing vertex 
operators on L{l/2, 1/16)+ and then comparing the coefficients in V, we will reach the 
assertion. Denote by Y]sr{-,z) the vertex operator map on the Z2-twisted L( 1/2,0) © 
L(l/2, l/2)-module L(l/2, 1/16)+ as we constructed in Section 3.1. Let a®b E L(l/2, h)® 
Te{h) with /i = or 1/2 and X ® y e -^(1/2, 1/16) (g) re(l/16). As we did before, we can 
find Te(0)-intertwining operators lre(h)xre(i/i6)(-, z) of types Te{h) x Te(l/16) Te(l/16) 
such that 

Yv{a ®b,z)x®y^ yjv(a, z)x ® l'Te(ft)xre(-L)(^> z)y- (3-2) 

Define Y{b,z)y := >^t.(Mxt.(^)(^', '^)y for b e T,{h), h = 0,1/2 and y e n{l/16). By 
direct computations, we can prove that the Z2-twisted Jacobi identity for Yn{-, z) together 
with the Jacobi identity for Yv{-, z) gives the Z2-twisted Jacobi identity for Y{-, z). Thus, 
(Te(l/16), Y{-, z)) is a Za-twisted Te(0)®Te(l/2)-module. Since 14(1/16) = L(l/2, 1/16)® 
re(l/16) is irreducible under 14(0) © V;(l/2), the irreducibility of re(l/16) is obvious. I 

3.4 One point stabilizer 

In the rest of this section we will work the following setup: 
Hypothesis 1. 

(1) y is a holomorphic VOA of CFT-type. 

(2) e is a rational conformal vector of V with central charge 1/2. 

(3) Ve{h) ^ for /i = 0, 1/2, 1/16. 

(4) 14(0) and Te(0) are rational Cs-cofinite VOAs of CFT-type. 

(5) 14(1/16) is a simple current 1/<^^> = 14(0) © 14(l/2)-module. 

(6) Te(l/2) is a simple current Te(0)-module. 

Define the one-point stabilizer by CAut(v)(e) := {p G Aut(y) | p(e) = e}. Then by 
Tp(e) = pTep~^ for any p G Aut(l^), we have CAut(y)(e) C CAnt{v){Te), where CAut{v){Te) 
denotes the centralizer of an involution Te G Aut(y). 
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Lemma 3.9. There are group homomorphisms ipi : CAut{V')(e) — ^ CAut(y<T-e))(e) and 1P2 '■ 
^Aut(y<^e))(e) — >■ Aut(Te(0)) such that ker^ipi) = (rg) and keT{ip2) = (ce)- 

Proof: Let p E CAut{v) (e) . Then p preserves the space of highest weight vectors Tg (h) 
where h G {0, 1/2, 1/16}. Then we can define the actions of p on the space of highest 
weight vectors Te{h) and the components Ve{h) for h G {0, 1/2, 1/16}. In particular, we 
have group homomorphisms Vi : C'Aut(y)(e) C'Aut(y<-<=))(e) and ■ C'Aut(v'(-e>)(e) ^ 
Aut(Te(0)) by a natural way. Assume that ipi{p) = idy{re) for p G CAut{y)(e). Since 
p G CAut(y)(Te)j P acts on \4(1/16) and commutes with the action of = Ve{0)®Ve{l/2) 
on its module Ve(l/16). Therefore, p on Ve(l/16) is a scalar by Schur's lemma and 
hence p G (rg) C CAut{y)(Te). Similarly, if ^/^i(p') = idr,(o) for p' G CAut(y(re>)(e), then 
p' G (ae) C CAut(y(-e))(e). I 

Theorem 3.10. Under Hypothesis 1, V'^'^"'^ has exactly four inequivalent irreducible mod- 
ules, V^^-\ 14(1/16), := L(l/2, 0) ® 7^(1/2) L(l/2, 1/2) ® Tg{Q) and 

:= K(l/16) Ky(..> 1^°. 

Proof: Note that T4(0) = Vir(e) re(0) and y^"^*^^ are simple rational C2-cofinite 
VOAs of CFT-typc under Hypothesis 1. Therefore, we can apply a theory of fusion 
products here. Since V = © K(l/16) is a Z2-graded simple current extension of 

every irreducible \/^'^'=^-module is lifted to be either an irreducible \^-module or 
an irreducible Tg-twisted V-module. Moreover, the Tg-twisted V"-module is unique up to 
isomorphism by Theorem 10.3 of [DLM2]. Consider a Ve(0)-module L(l/2, 1/2) (g) Te(0). 
Since Te(l/2) is a simple current Te(0)-module, the space 

= L(l/2, 1/2) ® Te(0) © L(l/2, 0) ® Te{l/2) 

has a unique structure of an irreducible V^^'^^-modulc by Theorem 2.11. We note that the 
top weight of is half-integral. Thus the induced module 

W^W'^®W\ = 14(1/16) Ky<re> 

becomes an irreducible Tg-twistcd \/-module again by Theorem 2.11. Therefore, V^'^^'^ 
has exactly four irreducible modules as in the assertion. Finally we remark that V^'^''\ 
14(1/16) and have integral top weights. I 
By the fusion rules (3.1), we note that as a Vir(e)-module is a direct sum of copies 
of L(l/2, 1/16). Set the space of highest weight vectors of by Qe{l/16) := {v G \ 
L^{0)v = (1/16) ■ v}. Then as a Vir(e) ® Te(0)-module, ~ L(l/2, 1/16) ® ge(l/16). 
In this case, we can also verify that the space Qe(l/16) naturally carries an irreducible 
Z2-twisted Tg{0) © Te(l/2)-module structure. 
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Proposition 3.11. // the 'L2-twisted Te(0) (B Te{l/ 2) -module Te(l/16) is irreducible as 
a Tf.{0) -module, then its 'Z2-conjugate is isomorphic to Qe(l/16) as a 'Z2-twisted Te(0) © 
Te{l/ 2) -module. In this case there are three irreducible Te{0) -modules, Te{0), Te(l/2) and 
Te(l/16). Conversely, i/Te(l/16) as a Tf,{0) -module is not irreducible, then so is Qe{l/ 16) 
and in this case there are six inequivalent irreducible Te{0) -modules. 

Proof: Assume that Te(l/16) is irreducible as a Te(0)-module. Tlien its Z2-conjugate 
is not isomorphic to Te(l/16) as a Z2-twisted Te(0) © Te(l/2)-module. We denote the Z2- 
conjugate of Te(l/16) by Te(l/16)~. It is shown in Theorem 2.12 that every irreducible 
Te(0)-module is lifted to be either an irreducible Te(0) ©Te(l/2)-module or an irreducible 
Z2-twisted Te(0)©Te(l/2)-module. Then by the classification of irreducible y^'^'^^-modules 
in Theorem 3.10, we see that any Z2-twisted irreducible Te(0) © Te(l/2)-module is iso- 
morphic to one and only one of Te(l/16) and Te(l/16)~ = Qe(l/16). 

Conversely, if Te(l/16) is not irreducible, then it is a direct sum of two inequivalent 
irreducible Te(0)-module as Te(l/2) is a simple current Te(0)-module. Then Qe{l/IQ) is 
also a direct sum of two inequivalent irreducible re(0)-modules and Qe{l/IQ) 9^ Te(l/16) 
as Te(0)-modules because of the classification of irreducible F^'^'^^-modules. 1 

Corollary 3.12. //Te(l/16) is irreducible as a Te{0)-module, then V^^''^ © is a Zo- 
graded simple current extension ofV^'^^^ which is isomorphic to V = V^'^'''^ © Ve(l/16). 

Proof: If Tel 1/16) is an irreducible Te(0)-module, then by the previous proposi- 
tion the (Je-conjugate K(0) © ye(l/2)-module of V;(l/16) = L{l/2, 1/16) ® re(l/16) is 
isomorphic to — L(l/2,l/16)(8)(5e(l/16). Then as the o-g-conjugate extension of 
© V;(l/16), © has a structure of a Za-graded extension. 1 

Remark 3.13. The above corollary implies that the Z2-twisted orbifold construction ap- 
phed to V in the case of Z2 = (rg) yields again V itself. 

Theorem 3.14. Under Hypothesis 1, 

(i) ip2 is surjective, that is, CAut{v'(^e>)(e) ~ (o'e).Aut(Te(O)). 

(a) Aut(Te(0) © Te(l/2)) ~ 2.(CAut(y<^e))(e)/((Te)), where 2 denotes the canonical Z2- 
symmetry on the SVOA Te(0) © Te(l/2). 
(ill) |C(Aut(i/(-.>))(e) : CAut(y)(e)/(re)| < 2. 

(iv) // CAut(y)(e)/(''e) is simple or has an odd order, then extensions in (i) and (ii) split. 
That IS, CA„t(v^e>)(e) ~ (cXe) x CAut(y)(e)/(re) anc? Aut(Te(0) ©Te(l/2)) ~ 2x Aut(Te(0)). 

Proof: We have an injection from CAut(\/<^e>)(f'-)/(ce) to Aut(Te(0)) by Lemma 3.9. 
Wc show that every element in Aut(Te(0)) lifts to be an element in CAut(y<Te>)(6)- By 
Proposition 3.11, every irreducible Te(0)-module appears in one of Te(0), Te(l/2), Te(l/16) 
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or Qe{l/1Q) as a submodule. In particular, we find that Te(0) is the only irreducible Te(0)- 
module whose top weight is integral and Te(l/2) is the only irreducible Te(0)-module whose 
top weight is in 1/2 + N. Let p G Aut(Te(0)). Then by considering top weights we can 
immediately see that T^ioy ~ Te(0) and re(l/2)'' ~ Te(l/2). Then by Theorem 2.16 we 
have a lifting p e Aut(Te(0) e Te(l/2)) such that pre(O) = re(0), pre(l/2) = Te(l/2) and 
p|Te(o) = P- Since this lifting is unique up to a multiple of the canonical Z2-symmetry on 
re(0)ere(l/2), we have Aut(Te(0)eTe(l/2)) ~ 2.Aut(re(0)). Now consider the canonical 
extension of p to C'Aut(y(^e>)(e). We define p e C'Aut(y(-^<!>)(6) by 

p\L{l/2,h)»Te{h) = idL(l/2,h) ®P 

for h = 0,1/2. Then by this lifting CAut(v<^<!>)(6) contains a subgroup to isomorphic 
to 2.Aut(Te(0)). Moreover, the canonical Zs-symmetry on the SVGA Te(0) © Te(l/2) 
is naturally extended to (Tg G CAut(y<^e>)(^)- Clearly ip2{p) = P and so 1^2 is surjective. 
Hence we have the desired isomorphisms C'Aut(i/<^e>)(e) — (o'e).Aut(Te(O)) and Aut(Te(0)© 
Te(l/2)) ~ 2.(CA^^(y(re>)(e)/(cre)). This completes the proof of (i) and (ii). 

Consider (iii). By Theorem 3.10, there are exactly three irreducible y^'^^^-modules 
whose top weights are integral, namely, V^^'^ Ve{l/16) and W^. Since C'Aut(v<^e))(e) acts 
on the 2-point set (14(1/16), W^} as a permutation, there is a subgroup H of C'Aut(y<^<=>)(6) 
of index at most 2 such that 14(1/16)'^ ~ K(l/16) as a y<^«>-module for all n E H. Then 
there is a lifting n G CAut(y)(e) of tt such that ■0i(7r) — for e^-ch tt G if by Theorem 
2.16. Thus |CAut(y<-e>)(e) : C Xnt{v){e) / {Te)\ < 2 and (iii) holds. 

Consider (iv). Suppose that CAut{v){^)/ {tc) is a simple group or an odd group. 
Then C'Aut(y<T^e>)(e) contains a simple group CAut(y) (e)/(Te) with index at most 2 by 
(iii). However, since C'Aut{v'<^e))(c) contains a normal subgroup (fJe) of order 2, the index 
|CAut(y(^e>)(e) : CAut(y)(e)/(Te)| must be 2 and hence we obtain the desired isomorphism 
CAut(y<^e>)(6) = (o"e) X C'Aut(y)(e)/(re). In this case, it is easy to see that the extension 
Aut(re(0) © re(l/2)) = 2.Aut(re(0)) splits. I 

Corollary 3.15. If C x-ui{v){^) / {^e) is simple, then Ve{l/16) is an irreducible Ve{0) -module 
andTe{l/16) is an irreducible Tf,{0) -module. Therefore, V^'^^'^ <3)W^ forms the a^-conjugate 
extension ofV — V^'^"'^ © \4(1/16) and is isomorphic to V. 

Proof: Let H be the subgroup of C'Aut(y<^e>)(e) which fixes 1^(1/16) in the action on 
the 2-point set (14(1/16), W^}. It is shown in the proof of (in) of Theorem 3.14 that we 
have inclusions 

H C CAut{y)(e)/(Te) C CAut{y<-c>)(e) = {(Je) x C'Aut(y)(e)/(Te). 

Therefore, ^ H and hence the (Xe permutes V(.{1/1Q) and W^. Then 14(1/16) is an 
irreducible 14(0)-module by Proposition 3.11 and hence Te(l/16) as a Te(0)-module is 
irreducible. The rest of the assertion is now clear. I 
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Remark 3.16. A result similar to the assertion (iii) of Theorem 3.14 is already established 
in [M6]. Also, we should note that the idea of the above proof is already developed in 
[Sh]. 

4 2A-framed VOA 

Definition 4.1. A simple vertex operator algebra {V,u;) is called 2A-framed if there is 
an orthogonal decomposition u; — + • • • + e" such that each generates a sub VOA 
isomorphic to L(l/2, 0). The decomposition u; — -\ h e" is called a 2A-frame of V. 

Remark 4.2. As shown in [DMZ], the Leech lattice VOA Va and the moonshine VOA V''^ 
are examples of 2A-framed VOAs. 

Let {V, Lu) be a 2A-framed VOA with a 2A-frame lu = -\ he". Set T := Vir(e^) (g) 

• • ■ ® Vir(e"), where Vir(e*) denotes the sub VOA generated by e\ Then T ~ -^(1/2, 0)®"' 
and y is a direct sum of irreducible T-submodules ®"^j^L(l/2, hi) with hi G {0, 1/2, 1/16}. 
For each irreducible T-module ®"^^L(l/2, hi), we associate its 1/16- word (ai, • • • , e 

by the rule ai — Hi and only if hi — 1/16. For each a e Z2 , denote by V"' the sum of all 
irreducible T-submodules whose 1/16- words are equal to a and define a linear code S C Z2 
by S — {a E \ V"' 0}. Then we have the 1/16-word decomposition V — ®aesV°' of 
V. By the fusion rules (3.1), we have an ^'-graded structure T/" • T/^ c 1/°^+^. Namely, 
the dual group S* of an abelian 2- group S acts on V, and we find that this automorphism 
group coincides with the elementary abelian 2-group generated by the first Miyamoto 
involutions {r^i \ 1 <i <n}. Therefore, all V"', a E S, are irreducible V^* — F°-modules 
by [DM1]. Since there is no L(l/2, l/16)-component in the fixed point subalgebra 
V^* — has the following shape: 

^° = rnh„...,h„L{^/2, h) ® ■ ■ ■ ® L(l/2, 

/ii6{0,l/2} 

where mh^^,,,^h^ denotes the multiplicity. On V'^ we can define the second Miyamoto invo- 
lutions (7ei for i = 1, . . . , n. Denote by Q the elementary abehan 2-subgroup of Aut(y°) 
generated by {a^i | 1 < ? < n}- Then by the quantum Galois theory [DM1] we have 
— T and each m/n,...,^„L(l/2, hi)® - ■ - ^ L{l/2, hn) is an irreducible T-submodule. 
Thus mhi,...,hn e {0, 1} and we obtain an even linear code D :— {(2/ii, • • • , 2/i„) e | 
'mhi,...,hn 0} such that 

L(l/2,ai/2)®---®L(l/2,aj2). (4.1) 

a={ai,— ,a„)6D 

We call a pair {D, S) the structure codes of a 2A-framed VOA V. Since powers of z in 
an L(l/2,0)-intertwining operator of type L{l/2, 1/2) x L(l/2, 1/2) ^ L{l/2, 1/16) are 
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half-integral, structure codes satisfy D C S . Since all V", a G S, are irreducible modules 
for V^j the representation theory of is important to study a 2A-framed VOA V. We 
review Miyamoto's results on the code VOAs [M3] [M4] in the next subsection. 

4.1 Code VOA 

Below we often identify the code Z2 with the power set of an n-point set = {1, 2, . . . , n} 
with the symmetric difference operation. For a = G Zg, we denote by 

Supp(a) the subset {i \ ai ^ 0} of ^l. Let D be a subcode of Zg. Set D^^^ := {a E D \ 
{a, a) = 0} and D^^^ := {a E D \ {a, a) = 1}. For a code-word a = {ai, . . . , £ -D, we 
define 

:= L(l/2, ai/2) ® • • • ® L(l/2, a„/2). 

Theorem 4.3. ([M2]) For any linear code D C there exists a unique simple vertex 
operator superalgebra structure on Ud '■= (BaeoU"' as an extension of — L(l/2,0)®". 
The even part is Uj^(o) := ®a&ij(o)U°' and is a D^^^ -graded simple current extension ofU^, 
and the odd part is Ujj(i) :— 

Let D be an even subcode of The simple VOA Ud defined in the theorem above 
is called the code VOA associated to a code D. The representation theory of Ud is deeply 
studied in [M3] . We recall some results from [M3] . Since Ud is a, £)-graded simple current 
extension of a rational VOA C/° = L(l/2, 0)®", it is also rational. Let M be an irreducible 
C/o-module. Take an irreducible C/°-submodule W of M. Then W is isomorphic to 
®f=iL(l/2, hi) with hi e {0, 1/2, 1/16}. Define the 1/16-word t{W) = {ai, ...,«„) e 
of 1^ by ccj = 1 if and only if hi — 1/16. Then by the fusion rules (3.1), t{W) is determined 
independently of a choice of W and hence we can define the 1/16- word t(M) e Z2 of M 
by t(M) := t{W). 

Assume that r(M) = (0"). Then W is isomorphic to ®'^^^L{l/2, hi) with h, e {0, 1/2}. 
We set 7 := (2/ii, . . . , 2/i„) G Z2. Since L(l/2,0) is a simple current L(l/2, 0)-module, 
we have Dw = and hence M is uniquely determined by W by Theorem 2.11 and has a 
shape 

Ud+^ '■= (BaeD+jU" . 

We call an irreducible C/u-module Uo+'y a coset module. By Theorem 2.13 and the fusion 
rules (3.1), we have the following fusion rules for 71,72 G Zg: 

X Ud+j2 = Ud+j3- (4.2) 

In particular, Ud+s x Ud+s — Ud for any 5 G Z2 and hence all the coset modules are 
simple current C/c-niodules by Lemma 2.6. 
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4.2 The Hamming code VOA 

Let Hs be the [8, 4, 4]-Hamming code: 

Hs := Span2j(llllllll), (11110000), (11001100), (10101010)}. 

It is well-known that Hs is the unique doubly even self-dual linear code of length 8 up 
to isomorphism. Let us consider the Hamming code VOA Uhs- In order to construct 
2A-framed VOAs, we will need some special properties that the Hamming code VOA Uhs 
possesses. Roughly speaking, we can identify L{l/2, 1/16) with L{l/2, 0) and -^^(1/2, 1/2) 
by the symmetry of the Hamming code VOA. 

Let X be an irreducible ?7j^g-module whose top weight is in |N. Then r(X) = (0^) 
or (1^) and if r{X) = (0^) then X ~ Uhs+j for some 7 G Z^. If r(X) = (l^), then it is 
shown in [M3] that there is a unique linear character x on Hg such that 

X Ind;;^^ (L(l/2, 1/16 x) = L{l/2, 1/lQf' ®c v^, (4.3) 

where C/", a e -ffg, acts on L{l/2, 16)®^ by the fusion rule (3.1) and on Cvy^ as a scalar x(q;) 
according to the character x- Since the dual group of Hg is naturally isomorphic to 
/ Hs, we can find a unique coset 5-)^+Hg, e Z^/ Hs such that x(a) = {S^, a) for all a G Hs- 
So in the following we regard x as an element in Z^. Set if (1/16, x) = L{l/2, l/16)®^C><)c^''x 
for X ^ ^2- Then iJ(l/16, Xi) — H{1/1Q,X2) as f///g-modules if and only if Xi~X2^ Hs 
and the set of inequivalent irreducible t///g-modules whose top weights are contained in 
|N is given by 

{Uh,+,, H{1/1Q, x)\7 + Hs,x + Hse A/Hs}. 

Surprisingly, we can identify a non-simple current L(l/2, 0)®^-module 1/(1/2, 1/16)®® with 
a coset module as follows: 

Theorem 4.4. ([M4]) For each x £ ^2; there is an automorphism a G Aut(C/jfg) such 
that the a-conjugate module H{1/16, xY is isomorphic to a coset module Uns+'y for some 
7 G Z2 with (7,7) = 1. In particular, H{l/16,x) is a simple current UHg-nT'Odule. 

Corollary 4.5. ([M4]) As a Z2-graded simple current extension ofUng, there is a unique 
simple SVOA structure on Uhs ® H{1/16, x) for all x £ hi- 
proof: We can take an irreducible coset t/j^g-module Uhs+'j ^^^^ {in) = 1 such 
that there is an automorphism a G Aut{UHs) ^^ch that the conjugate module ([///g+^)^ 
is isomorphic to if(l/16,x) by Theorem 4.4. Then Uhs ® Uns+'y and Una ® H{l/16,x) 
form mutually conjugate Z2-graded simple current extensions of Uhs under a G Aut(C/ffg). 
Since Hs U {Hs + 7) is an odd code, Uhs ® Uhs+j is a simple SVOA. Then so is Uhs ® 
^(1/16, X). I 

As an application of Proposition 4.4, the following fusion rules are established in [M4]: 
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Theorem 4.6. ([M4]) We have the following fusion rules: 

Uhs+c X H{1/16, (3) = H(l/16, a + (3), 
H(l/16,a) X H(l/16,(3) = Uns+a+p, 

Thanks to Corollary 4.5 and Theorem 4.6, if an even linear code D contains many 
subcodes isomorphic to the Hamming code Hg, then we can construct simple current 
extensions of the code VOA Ud hy using Theorem 2.17. 

4.3 Construction of 2A-framed VOA 

In this subsection we give a refinement Miyamoto's construction of 2A-framed VOAs in 
[M4] . Here we assume the following: 

Hypothesis 2. 

(1) (D, S) is a pair of even hnear even codes of Z2 such that 
(1-i) D c S^, 

(1-ii) for each a E S, there is a subcode E°' <Z D such that E"" is a direct sum of the 
Hamming code iJg and Supp(£'") = Supp(Q;), where Supp(A) denotes U^gASupp(/9) 
for a subset A oiZ^. 

(2) — Ud is the code VOA associated to the code D. 

(3) {F" I a e 5"} is a set of irreducible y°-modules such that 
(3-i) r(\/") = a for all aeS, 

(3-ii) all K", a E S, have integral top weights, 

(3-iii) the fusion product Klyo V'^ contains at least one V"''^'^. That is, there is a 
non-trivial ^^-intertwining operator of type V"" x y<^+0 for any a, /3 e S. 

Under Hypothesis 2 we will prove that V := ©ae^V^" has a structure of an S'-graded 
simple current extension of V^. Before we begin the proof, we prepare some lemmas. 

Lemma 4.7. Under Hypothesis 2, all V^, a & S, are simple current V^-modules and we 
have the fusion rules V"' x — of V'^ -modules for all a, (3 & S. 

Proof: Suppose the fusion rule V" x V" = of y'^-modules holds. Then by Lemma 
2.6, is a simple current y°-module because = U^ is a. rational C2-cofinite VOA of 
CFT-type. Then by Hypothesis 2 (3-iii) we have the desired fusion rule V"' xV^ ^ ya+Z^. 
Therefore, we only prove the fusion rule V"' xV"' — for each a E S. By Hypothesis 2 



where a,(3 E Z5. 
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(1-i), D contains a subcode i?" which is isomorphic to a direct sum of and Supp(i?") = 
Supp(q;). We may assume that a = (I'^'^O*) with 8s + t = n. Then Ud contains a sub 
VOA 

L := Ueo^ L{l/2, 0)®* ~ (Uhs)''' ® L{l/2, 0)®* 
and contains an irreducible L-submodule X isomorphic to 

H{1/16, xi) (8) • • • H{1/16, Xs) ® L{l/2, /ii) (g) • • • ® L(l/2, ht) 

with e Z|, 1 < i < s, and hj e {0,1/2}, 1 < j < t. Let D = uf^o(E" + 
be a coset decomposition. We write /3j = 7j + 5j such that Supp(7i) C Supp(a) and 
Supp(5i) n Supp(q;) = 0. Then UE-^+Pi is isomorphic to 

Uec.+^, ® L(l/2, (508.+i/2) ® • • • ® L(l/2, (5i)n/2) 

as an L-module and Ud = ©f^^t/ea.,.^. is a D/^^^-graded simple current extension of 
L. Then by the fusion rules (3.1) and Theorem 4.6, {UE^+Pi) X is a,-a irreducible L- 
module and [UE-^+Pi) Kl^X 9^ ^lX unless i — j. Therefore, V"' as an L-module 

is isomorphic to V"' = ®i=i{VEc+Pi) X. Namely, V"" is a D/£'"-stable C/D-module. 
Then by Theorem 2.13 together with fusion rules (3.1) and Theorem 4.6 we have a fusion 
rule V°- xV^ — of C/o-modules which is a lifting of the fusion rule X x X — L ol 
L-modules. I 

Lemma 4.8. Under Hypothesis 2, the space forms a simple VOA as a Z2-graded 

simple current extension ofV^ for each a G S \ 0. 

Proof: Here we use the same notation as in the proof of Lemma 4.7. By the coset 
decomposition D = uf^i(i?" + /3j), = Ud = (Bi=lUEc+f3^ is a D/i?"-gradcd simple 
current extension of L = Ue'^ ® L(l/2,0)®* ~ (f/j/s)®" ® L(l/2,0)^*. By the fusion rule 
X X X = L of L-modules, X is a simple current L-module by Lemma 2.6. Then by 
the associativity of fusion products (cf. [H4]), (UE'^+fSi) Kl^, X is also a simple current 
L-module. Thus we obtain the set of inequivalent simple current L-modules 

5 = {C/fi«+ft, {UEc.+p.)MLX\l<i,j<k} 

with the following [[D / E"") © Z2)-gradcd fusion rules: 

UE'^+Pi X Ueo'+Pj — UE'^+i3i+l3j, 

UE"+l3i ^ {UE°'+Pj KIl X) — {UEoc+i3i+l3j) KIl X, 
{UEo^+Pi X) X {Ueo^+P- X) — UEo^+Pi+Pj- 

Since Ud = ®'i=iUE<^+i3i has a structure of a D/LJ^-graded simple current extension of L 
and L® X has a structure of a Z2-graded simple current extension of L by Corollary 4.5, 
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we can apply Theorem 2.17 to S and hence we obtain a {{D / E"^) © Z2)-graded simple 
current extension 

of L. Since y° = ©f^if/B«+ft and = ©f^i(f/i5"+ft) X, the Za-gradcd space \/°©\/" 
carries a simple VOA structure which is the desired Z2-graded simple current extension 
of V^. I 

Now we can prove 

Theorem 4.9. ([M4j) Under Hypothesis 2, the space V — ©oe^^" has a unique structure 
of a simple VOA as an S- graded simple current extension ofV'^. In particular, there exists 
a 2A-framed VOA whose structure codes are {D, S). 

Proof: Let {ai, . . . , ar} be a linear basis of S and set S** := Span^^jcii, . . . , Oj} for 
1 < i < r. We proceed by induction on r. The case r = is trivial and the case r = 1 
is given by Lemma 4.8. Now assume that <S)p^s^V^ has a structure of a simple VOA for 
1 < i < r — 1. Then the set 

consists of inequivalent simple current l/°-modules with {S^ © Z2) — S'*"'"^-graded fusion 
rules: 

where /9i,/32 G 5*. By inductive assumption, (Bpes^ vf is an S'*-graded simple current 
extension of V'^, and by Lemma 4.8, a direct sum V^ © becomes a Z2-graded simple 

current extension of V^. Therefore, we can apply Theorem 2.17 to T to obtain the 5**+^- 
gradcd simple current extension ©/3g5»+iV^° of V^. Repeating this procedure, we finally 
obtain S^' = .S-gradcd simple current extension V = ©aes^" oi V^ = Ud- I 

Remark 4.10. In [M4], Miyamoto assumed stronger conditions than that in Hypothesis 
2. In particular, he assumed that the structure codes {D, S) are of length 8k for some 
positive integer k. Our refinement enable us to construct 2A-framed VOAs with structure 
codes of any length as long as Hypothesis 2 is satisfied. 

Extension to SVGA. Let y be a 2A- framed VOA with structure codes {D, S). Then 
by definition we have a decomposition V = (Baes^" such that V^ c:^ Uo and r(V°) = a. 
Assume that the pair {D,S) satisfies the condition (1) of Hypothesis 2. Then V is an 
^'-graded simple current extension of V^ by Lemma 4.7. Suppose that there is a vector 
^ E S-^ \ D such that (7,7) ~ 1. Since the powers of z in an L(l/2, 0)-intertwining 
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operator of type L(l/2, 1/2) x L(l/2, 1/16) L{l/2, 1/16) are half- integral, the powers 
of z in a f/^i-intertwining operator of type Uo+'y x — ^ integral for 

all a E S. Therefore, all V"' Un+'y, a E S, have half-integral top weights. Since the 
1/16- word of V" Mujy U^+'y is a by the fusion rules (3.1), the induced module 

aeS 

has a unique ^-module structure by Theorem 2.11. Since Ud ® Uo^-y is a simple current 
super-extension olV^ — Ud^J Theorem 4.3, by applying Theorem 2.17 we obtain: 

Theorem 4.11. With reference to the setup above, V©Indyo^/D+7 forms a simple current 
super- extension ofV. 

5 The baby-monster SVOA 

As shown in [DMZ], the moonshine VOA V'^ has a 2A-frame ^ ^ h e^^. One of 

its structure codes are determined in [DGH] and [M5]. Let S be the Reed-Miiller code 
i?M(4, 1) defined as follows: 

5 = Spang J (1^^), (1^0^), (iVlV), (l^O^lVlVl'o'), (1010101010101010)} C 
Then define 

:— {{a, a, a), (a"^, a, a), (a, a!^, a), (a, a, a'^) E 1^ \ a E a!^ :— (l''"^)} 
and := {S^Y . 

Theorem 5.1. ({BGE] [M5]) The moonshine VOA V'^ has a structure codes {D^S'^). 

One can easily check that the pair {D\ S''^) satisfies the condition (1) of Hypothesis 2. 
Thus, by Lemma 4.7, we have 

Corollary 5.2. Let — ®aes^(^^)°' ^he 1/16-word decomposition according to the 
structure codes {D\S^). Then the pair {D\S^) and the set {(y^)° \ a E S^} satisfy 
Hypothesis 2. Therefore, is an S^-graded simple current extension of {V''^)^ — Uoi^. 

Now set e = and consider the commutant subalgebra T^{0) of Vir(e) in V''^. Since 
{1} n Supp(5t) ^ 0, ^^^(1/16) is not zero. Then by the condition (1) of Hypothesis 2, 
14(1/2) is not zero, too. Therefore, we obtain a decomposition 

= L(l/2, 0) T^{0) © L(l/2, 1/2) ® T^{l/2) © L(l/2, 1/16) (g) T^{1/16) 
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such that T^{h) ^ for /i = 0, 1/2, 1/16. By Theorem 3.6, we know that T^{0) © T,^(l/2) 
has a structure of a simple vertex operator superalgebra. This algebra was first considered 
by Hohn [HI] and he called it the baby-monster SVOA, because the centralizer CAut(y'i)('^e) 
is isomorphic to the 2-fold central extension (rg) • B of the baby-monster sporadic finite 
simple group B [ATLAS] and so B naturally acts on it. Following him, we set VB° := T^{0), 
VB^ := T^il/2) and VB := T^{0) © T^{l/2). We also know that T^{l/IQ) is an irreducible 
Z2-twisted \^-module by Theorem 3.8, and so we set VBt :— Tg^(l/16) for convention. 
Since all the conformal vectors of V'^ with central charge 1/2 are conjugate under the 
Monster M = Aut(y^) by [C] and [Ml], the algebraic structures on VB and VBt are 
independent of choice a conformal vector e — e^. 

By definition, the Virasoro vector of VB^ is given hy u;^ — — + ■ ■ • + e'^^. Thus 
VB^ is a 2A-framed VOA. We compute the structure codes of VB^. Set 

{S^f := {aeS^l {1} n Supp(a) = 0}, (5^ := {a e \ {1} n Supp(a) = {1}}. 

Then = {S^fu{S^y and by definition of Miyamoto involution, = ®a€(5^)o(^^)" 

and yg''(l/16) = ® 13^(^3^)1 {V^y . Since V^ is an ^'''-graded simple current extension of 
the fixed point subalgebra is also an (5''')°-graded simple current extension 

of (V^f and V}{1/16) is a simple current (y^)<^«>-module by Corollary 2.14. Now define 
(f), : Zf ^ Zf by Zf 3 a ^ (e, a) e If for e = 0, 1, and set 

:= {a e I Ua) e D^}, e = 0, 1, S' := {/? G Zf | 0o(/3) G (5^}. 

Proposition 5.3. The structure codes ofVB^ with respect to the 2A-frame H h e^^ 

are {D^'^,S^). 

Proof: For a e {S^f, define (\/^)"'^ to be the sum of all irreducible ©||]^Vir(e*)- 
submodules of (V^)" whose Vir(e^)-components are isomorphic to L(l/2, e/2) for e = 0, 1. 
Then V}{l/2) ^ implies that {V'^)"'' ^ for all a G {S^f and e = 0, 1. Therefore, 
(VY = (^^)"'°©(V'^)"'^ and we obtain 1/16-word decompositions V^O) = ©„g(5h)o(V^^)"'° 
and 1/^1/2) = ©ae(5^r(^^)"''- Since = (/)o(£>^'°)U0i(D^'i), (V^)"'^ ~ L(l/2, 0)©[/^m. 
Thus VB° has a 1/16-word decomposition VB^ = ©aGS^(^°)° such that r((l©°)") = a 
and ~ UdKo. Hence the structure codes of VB'^ are (L>^'°, 5^). I 

Remark 5.4. By the proof above, we find that VB^ also has a 1/16-word decomposition 
VB^ = ©c,esb(VB^)" such that r((VB^)") = a. In particular, is isomorphic to a 

coset module ^/jjb.i. 

The following is easy to see: 
Lemma 5.5. The pair 5''') satisfies the condition (1) of Hypothesis 2. 
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Therefore, VB*^' = ©ctg5b(VB°)" is an S* -graded simple current extension of the code 
VOA Ui^yo. Since the pair (D^'^ S^) and the set {(VB°)" \ a e S^} satisfy Hypothesis 2, 
we can construct VB^ without reference to by Theorem 4.9. 

Proposition 5.6. VB^ is a simple current VB'^ -module. 

Proof: By Remark 5.4, VB^ is isomorphic to the induced module Ind^° ^C/^b,i which 
is an ^'''-stable VS°-module. Therefore, we have the fusion rule 

VB'xVB'^ Ind^° JC/^M Mu^,^, Uj,,,.) = Ind^°,„ C/,,ko = VB' 

by Theorem 2.13. Thus VB^ is a simple current VB°-module by Lemma 2.6. I 
Remark 5.7. We note that by using Theorem 4.11 we can define the SVOA structure on 
VB without reference ioV^. 

Up to now, we have established that and its conformal vector e satisfy all the 
conditions in Hypothesis 1. Moreover, it is shown in [C] and [Ml] that there is a one- 
to-one correspondence between the set of conformal vectors of V'^ with central charge 
1/2 and the set of corresponding Miyamoto involutions on which is known to be the 
2A-conjugacy class of the Monster. Therefore, CAut(yii)(e) = CmiTe) ^ (re) • B. Thus, 
CAut(y!i)(e)/ (^e) is a simple group and we can apply Theorem 3.14 to VB. 

Theorem 5.8. (1) The SVOA VB obtained from V'^ by cutting off the Ising model is a 
simple SVOA. 

(2) The piece VBt obtained from V'^ is an irreducible Z2-twisted VB-module. 

(3) Aut(l©°) ~ B and kut{VB) ~ 2 x B. 

(4) VBt as a VB^ -module is irreducible. Thus, there are exactly three irreducible VB'^- 
modules, VB"" and VBt. 

(5) The fusion rules for irreducible VB^ -modules are as follows: 

VB^ xVB^ = VB^ xVBt = VBt, VBt x VBt = VB^ + VB\ 

Proof: (1) follows from Theorem 3.6, (2) follows from 3.8 and (3) will follow from 
Theorem 3.14 and the fact CAut(y^)(e) = (tc) ■ B. 

Consider (4). By Corollary 3.15, VBt as a l©°-module is irreducible. Then the 
assertion follows from Proposition 3.11. 

Consider (5). We only have to show the fusion rule VBt x VBt = VB^ + VB^. By 
considering the 1/16-word of VBt, the fusion product VBt x VBt is contained in NW?'' © 
NVB'^ in the fusion algebra for VB^. Write VBt x VBt = uqVB^ + niVB'^ with no, ni G N. 
Then the simplicity of V^ implies uq and ni ^ 0. And by applying VB^ to VBt x VBt, 
we see that uq = Ui. Since the dual module of VBt is isomorphic to VBt, the space of VB°- 
intertwining operator of type VBt x VBt — > is one-dimensional. Thus Uq — ni — 1 
as desired. I 
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Remark 5.9. The assertion (1) of Theorem 5.8 is aheady shown by Hohn in [Hoi], and (3) 
of Theorem 5.8 is also proved in [H62]. However, Hohn's proofs in [Hoi] [H62] and ours are 
quite different. In particular, in [Ho2], he used many results on the baby-monster simple 
group. Our argument can be applied to any 2A-framed VOAs satisfying Hypothesis 1 
and Hypothesis 2 since we have only used the facts that CAut(vs)(e) = C'Aut(v'')(''"e) and 
CAut(yH)(Te)/(re) is a simple group. 

The classification of irreducible W?°-modules has many interesting corollaries. 
Corollary 5.10. The irreducible 2A-twisted -module has a shape 

L(l/2, 1/2) ® ® L(l/2, 0) ® VB^ © L(l/2, 1/16) ® VBt- 

Proof: Follows from Theorem 5.8, Theorem 3.10 and Proposition 3.11. I 

Remark 5.11. A straightforward construction of the 2 A- twisted (and 2B-twisted) V'^- 
module is given by Lam [L2]. In his construction, it is given as U^^i+'y i, with 
7 = (10^^) e (Z/2Z)48. 

Corollary 5.12. For any conformal vector e E with central charge 1/2, there is no 
automorphism p on such that p{V}{h)) — V}{h) for h — 0, 1/2 and p|(yii)<re) = cr^. 

Proof: Suppose such an automorphism p exists. We remark that p also preserves 
the space Ve{l/16) as p e CAut(v)(e). We view V}{1/16) as a (y^)<^«>-module by a re- 
striction of the vertex operator map Yvtt{-.,z) on V'^. Consider the (Te-conjugate (l/'')<'^=)- 
module V^{1/1&Y'' . By Theorem 5.8 and Proposition 3.11, V^{1/1&Y'' is not isomorphic 
to V^{1/1&) as a (y'')^'^'^^-module. On the other hand, we can take a canonical linear 
isomorphism 9? : V^{1/1Q) V^{1/1QY'' such that Yy\i^^i^^y^{a, z)i^v — i^Yy\^{af.a, z)v for 
all a e (T/'i)<^«) and v e ^^'(1/16) by definition of the conjugate module. Then we have 

^Ve''(i/i6)-<=('^'^)'^'^^ = '^yv^{(^ea,z)pv = ipYv\i{pa, z)pv = ippYyuia, z)v 

for any a E (1^^)^'^'=^ and v G V'g''(l/16). Thus (pp defines a (\^'')^'^'^^-isomorphism between 
V^{1/16) and ^^''(1/16)'^'=, which is a contradiction. I 

Corollary 5.13. The 2A-orbifold construction applied to the moonshine VOA yields 
itself again. 

Proof: Follows from Theorem 5.8 and Corollary 3.15. I 

Remark 5.14. The statement in the corollary above was conjectured by Tuite [Tu]. In 
[Tu], Tuite has shown that any Zp-orbifold construction of V'^ yields the moonshine VOA 
V'^ or the Leech lattice VOA Va under the uniqueness conjecture of the moonshine VOA 
which states that F'' constructed by Frenkel et. al. [FLM] is the unique holomorphic VOA 
with central charge 24 whose weight one subspace is trivial. 
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Finally, we end this paper by presenting the modular transformations of characters of 
VB°-modules. Here the character means the conformal character, not the g-dimension, 
of modules. Recall the characters of L(l/2, 0)-modules. By our explicit construction in 
Section 3.1, one can easily prove the following (cf. [FFR] [FRW]): 

Ch^(l/2,0)(r) = (1/2) . g-V48 ^(1 + + ^l^oi^ " Q""^'^')} , 

ch^i/2,i/2)(r) = (1/2) • {n:Lo(i + Q""-"'^') - nr=o(i - ?"^'/')} , 

ch^i/2,i/i6)(r) = g-V24n:Li(l + g")- 
The following modular transformations are well-known: 

chL(i/2,o)(-l/r) = ^chL(i/2,o)(r) + ^chL(i/2,i/2)(r) + ^chL(i/2,i/i6)(r), 
chL(i/2,i/2)(-l/T) = ^chi(i/2,o)(r) + ^chi(i/2,i/2)(r) - --^chi(i/2,i/i6)(r), 

chL(i/2,l/l6)(-l/T) = --^chL(i/2,0)(T) - -^Chi(i/2,1/2)(T). 

Set j(t) := J(t) — 744, where J(r) is the famous SL2(Z)-invariant. Since chyt(T) = j(t) 
and 

chys(T) = chL(i/2,o)(T)chvBo(T) +chi(l/2,i/2)(T)chvBi(T) +chL(i/2,i/i6)(T)chvBr(T), 

we can write down the characters of irreducible T^°-modules by using those of F'' and 
L(l/2, 0)-modules. This computation is already done in [Ma] by using Norton's trace 
formula. The results are written as a rational expression involving the functions j(t), 
chL(i/2,?i)(T), h — 0, 1/2, 1/16, their first and second derivatives and the Eisenstein series 
E2{t) and £^4(r), see [Ma]. 

By Zhu's theorem [Z], the linear space spanned by {chvBo(r), chvBi(r), chvBy(T)} af- 
fords an SL2(Z)-action. By using the modular transformations for j(t) and chi(i/2,/i)(T), 
/i = 0, 1/2, 1/16, we can show the following modular transformations: 

111 

chvBo(-l/r) = -chvBo(r) -chvBi(r) --^chvBr(r), 

111 

chvBi(-l/T) = -chvBo(T) + -chvBi(T) - --^chvBT(T), 
chvBT(-l/'^) = -^chvBo(T) - --^chvBi(T). 

Namely, we have exactly the same modular transformation laws for the Ising model 
L(l/2, 0). As in Theorem 5.8, we also note that the fusion algebra for VB" is also canoni- 
cally isomorphic to that of 1/(1/2, 0). Therefore, we may say that L{l/2, 0) and VB^ form 
a dual-pair in the moonshine VOA y''. 
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